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 :&'!()!"#$%&!'#(!")*+,-!.-!/'-0$1!2*345G "#6%78!"#9+)!:- !:" × " # "  !;6%<=$1!>?@5
:"#$%4$1 

1( !AB*C*'+,"-!./0 $ % ">?@C! 
& ! $ = & = $ ! &  ' &  % "  

 
2(   *!>?@512(2345$%-126+7$%: 

 (&1 ! &2) !  &3 =  &1 ! (&2 ! &3)  '  &1,&2,&3 % G  
 

3( !'<7)!D3$!AB*C& % " !289 &(1 % ">?@C! 

& ! &(1 = $ = &(1 ! &  

!/'-0$1!2E!F*?G(",!)H$%4$1!I'J$1!>?@5!1KL!"#$1AML! 

&1 ! &2 = &2 ! &1  '  &1,&2 % G  

 

 :&'!()!.34$(",!)!.34$N!O/'-P!) * "!2E!F*?G ."#$%&!'#(!")*+,-!H  !.-!"#60B!/'-PG2%Q!1KL! 

+1 !  +2(1 % )   '  +1,+2 % )  

!"#60,$1!/'-0$1!2E!F*?G) * "  -123:+9H$%4$1!I'J$1!>?@5!1KL 

& !  + !  &(1 % )   ' &  % ",+ % ).  

!R9)!ST%35!"UV)!WC'X5!.3+C!"$%@$1!YZ[!HTG: 

&1~&2 , &1&2(1 % ).  

!ST%34$1!\*]^!")*+,-!2*35N 

"
) = {[&] -  & % "}  

:H9C!%+Q!_'`$1!"#9+)!\'X5!a#b!/'-P 

[&1] [&2] = [&1 !  &2]  



 

 :;+<"!cG%Q!1KL. = /0 1
2 34  !\'XG!%7GdT!1=>?.3$%-;>@/" A!"T*]<+$1!eGE!R9)!.5 = /0 2

1 34 . 

 

!")*+,-!'f4X7$1'A>3($%-B+=>?.3$%  12C+/<$%: 

62 = {. = /0 1
2 34 -  . .

5 = 7 = .5.}  

2E!ghNE!ibh 

1( "#X#+,5!j%T*]<+$1!_'k!"#9+) 
2( !cG%Q!1KL.,8 % 622dT!! 

(.8)(.8)5 = .(885).5 = .7.5 = 7  
3(  7 % 62  
4( !cG%Q!1KL. % 622dT! 

1 = det(I) = det(..5) = (det(.))2  

!!l$K!.-Ndet(.) = 91!2KL .A l$K!R9)!/NV) .m*3X-!%n$! 

.(1(.(1)5 = .(1(.5)(1 = (.5.)(1 = 7(1 = 7  

(.(1)5.(1 = (.5)(1.(1 = (..5)(1 = 7(1 = 7  

!2KL62 ./'-P! 

 

:&'!() !.34$!(",!)!N!(),:)!op1'$1!2E!F*?G ..#5'-P! ;:" # )H$%4$1!I'J$1!>?b!1KL!DQ%J5 

;(&1 ! &2) = ;(&1) : ;(&2)  '  &1,&2 % G  

!\'XGND%>9!%nGE!R9)!DQ%J4$1!1Z[! 

<$=(;) = {& % " -  ;(&) = $)}. 

!.#5'-0$1!2E!F*?GG!N!H  -E+2FG+@)-H+5FI+J5")!H9M%?5!DQ%J5!ABN!1KL!1-1 (D-%q!N!;:" # ). 

 



 :;+<"!")*+,+$!:B'7$1'A>3($%-B+=>?.3$% 

62 = {. = /0 1
2 34 -  . .

5 = 7 = .5.}  

2E!ibh 

det((): (62,:)> (?2{0},r) 

!H[!DQ%J4$1!1Z[!/1*G!2EN!'-0$1!.#M!DQ%J5!")*+,-16+7$%-1'A>3($%-B+=>?.3$%: 

<$=(;) = @62 = {. % 62-  det(.) = 1}  

 

:&'!()!.34$!(",!)!!'<7)!sE!A$*C ./'-P!& % "!"#60B!/'-P!1'KLA!.-!"#$1AML!G H[ 

< & > = {&A- A = 0, 1, 2,B }  

!ABN!1KL& % "!!2*3C!a#@M!" =< & > !2E!F*?G!%7GdT!G D*M$>"!"I%p*M!&!2*35N!"!"$%@$1!YZ[!HT!
1'KLA-D!"N!2E!F*?G .!./($%-1O)K &!H[! n!2%Q1KLn!>?@C!HX#fI!tA)!'u^E! &C =!Dv-!AB*C!o$!1KL .

!'<7X$1!1Z[!"f5w!2E!F*?G!%7GdT!'<7X$1!1Z[x!'<7X$1!"f5'$!0-'G .&!0-'$%M!!|&|. 

 

 :P'!3)\'XG-Q'+@5$%-eGE!R9) )!H9M%?5!op1w1-1 (D-%qN!;:?2 # ?2!2E!sE!Oj%T%y+$1!R9)!iT%@C! 

3(D,E) = 3F;(D),;(E)G  ' D,E  % ?2  

!0-'$%M!j%yC%?4$1!YZ[!")*+,+$!0-'GE.!.34$!H * ?2!")*+,-!\'XG .B%!:+/) W %nGE!R9) 

@IJ(H) = {; % K  -  ;(H) =H}  

!2E!ibhK = @IJ(?2)!2E!cf8E . E!2EN!/'-P @IJ(H) * K !D3$!"#60B!/'-PH * ?2   .   

 

! !D#v+5!.3+CE D3q!R9) 

K = {(.,LM)  -. % 62, LM % ?2}  

:"#6%78!"#9+)!WC'X5!%773+CN 

!:K × K # K, (., LM) ! (8,NOOM) P (.8,.NOOM + LM) 



!D3$!eGz!l$KNQOM % ?2:  

F(.,LM) ! (8,NOOM)G(QOM) = (.,LM)F(8,NOOM)(QOM)G = (.,LM)F(8,NOOM)(QOM)G = (.,LM)(8QOM +
NOOM) = (.8QOM + .NOOM + LM) = (.8 + .NOOM, LM)(QOM)  

 

:"#6%7v$1!"#9+X$1!YZ[!;6%<&!%- 

1( :"#X#+,5 *!"#9+X$1 

F(.,LM) ! (8,NOOM)G ! (R,QOM) = (.8,.NOOM + LM) ! (R,QOM) = ((.8)R,.8QOM + .NOOM + LM) 

(., LM) ! ((8,NOOM) ! (R,QOM)) = (.,LM) ! (8R,8QOM +NOOM) = (.(8R),.8QOM + .NOOM +
L)OOOOM  

2(  (7, 0OM)AC%@-!'<7)! 

F7, 0OMG ! (., LM) = F7., 7LM + 0OMG = (., LM)  

(., LM) ! F7, 0OMG = F.7,.0OM+ LMG = (.,LM)  

3( !'<7)!D3$!AB*C (., LM)!HTE!!*[!'#{G!(.(1,(.(1LM): 

(., LM) ! (.(1,(.(1LM) = (..(1,(..(1LM + LM) =   F7, 0OMG  

(.(1,(.(1LM) ! (.,LM) = (.(1.,.(1LM ( .(1LM) =   F7, 0OMG  

!2E!|474yG(K,!)/'-P!. 

 

  



!"#$%&$'%() 

 

:*+%,- -RSG%KT%-D!"N!"#60B!/'-P!H[" * K!'f)!.#CP1*4-!'#(!.#[%,51!HT!.#M%@yG1!R9)!s*4@5!
!.#C']^!'#(!.#n,4-QOM,NOOM R9)!D<@G!a#@M!    

{LM % ?2-  (7,LM) % "} = {J QOM + C NOOM -  J,C % S}  

!j%n,4+$1!YZ[!")*+,-!Dv+5-1UOV)lattice0-'$%M!%n$!0-'G!H5w%3CA$1!}*4y+$1!HT ( L(G)!YZ[!HT .
"#60B!/'-P!j%M%@yGh1!")*+,-!D3J5!"$%@$1 5(") * " . 

!"#60,$1!/'-0$1!~X955(") !lyM1wz1!/'-P!�*G!ACA@5!HT!g%-%[!g1wNtG!FV&!.-!g%-%+5!tA@5!%nGE!a#b!O
!Z&E!.-!AM!h!l$Z$ .H5w%3CA$1!}*4y+$1!"T'&P!HT!%n7-!�yG!�A=4y5!H4$1!"#9^z1!"T'&0+$1!"X�?$1!D3q

.lyM1wz1!'-P!W#7<4$!Yt%+4)1!o4#p!sZ$1!m%pz1!ACA@5!A7)!w%f4)h1!.#XM!"X�?$1!YZ[!D3q 

 

 :&'!()!.34$"T ," * K!2E!F*?G .lyM1wE!H5'-P!!" U "T!H9M%?5!DQ%J5!ABN!1KL!�?TN!1KL! 
    ;:" # "T!>?@C;F5(")G = 5("T). 

 

 :&'!()!.34$G!\'X5 .lyM1wE!/'-P!1W@/$%-D!"N(point group) !�M!"^%=$1!G%nGE!R9)! 

"0 = {. % 62-   V LM  % ?2 s. t. (.,LM) % "}.  

 

 :1@2@X"0.!"#$%&'()&*' 

 

:&'!().34$! 

W2(S) = X. = /0 1
2 34   , 0, 2, 1,3 % S-  det(.) = ±1Y.  

!"�?7$1!H5'-P!2E!F*?G"0!N!"0T!cG%Q!1KL!2%4�T%34-!"0T Z "0!jABNN!D % W2(S)a#@M! 2*35 

"0T = D"0D(1 = {D.D(1-  . % "0}  

 



 :1@2@X!cG%Q!1KL" U "T!2dT!"0 U "0T  !�N [(") Z [("T). 

 

 :1@2@X!.34$G!.3#$N!OlyM1wE!/'-P!n !>?@C!HX#fI!tA)!'fQE\2]
C
% ". 

1( !*4@5!o$!1KL"0 !2dT!O/�'-!m%3XG1!sE!R9)"0 Z RC )"CwNt!/'-P(: 

"0 = {\2^]
C
 -  ^ = 0,1,B ,C ( 1 }  

1( !j*4b1!1KL"0 !2dT!O/�'-!m%3XG1!R9)"0 Z _A+C )!/'-P:(��y$1!"#6%78  

"0 = {\2^]
C
 ° `A-  ^ = 0,1,B ,C ( 1 , A = 0, 1}  

 

:1@2@X!�%7[!17!%n7#M!O"�T%34-!'#(!lyM1wE!/'-P!9!N!Og%#9M%?5!"9Q%J4-!13."�T%34-!'#(!"�?G!/'-P! 
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-Z>5,)  :129+<$%-10>343$%ab.*2XL-]+U(9%-\F0-  !"$%@$1!YZ[!HT"0 Z _1 Z R1 
 

B+8X_"  -]+U(9%
-`@FX#)
-!2b
a=+) 

]+U(9% 
Dc!" 

---!d6^
H%KLA-1'L%N 
a=+)-!2b 
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! -Z>5,) :1<$+<$%-10>343$%ab.P2f+U(9%-\F0- 

 

  

Dc!3$%-]+U(9%-KL+,"  --]+U(9%
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a=+)-!2b 

-]+U(9%
Dc!" 

-!d6^
-1'L%N
-H%KLA
a=+)-!2b 

1UOJ$% a  ef[% 
(Y"+U$%) 

./A-%X4-!/�'+$1!m%3XG1!wN%@- 
!21wNA$1!0Q1'-!:#+B!:?5

!"CN10M �m%3XGh1!wN%@-!R9) 
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ZA>30 
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pmm 
(p2mm) 
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(p2mg) 

!H?9b04$1!m%3XGh1!wN%@-
./A-%X4- 
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pgg 
(p2gg) 

/A-%X4-!/�'+$1!m%3XG1!wN%@-   
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cmm 
(c2mm) 



! -Z>5,) :1(G%!$%-10>343$%ab )-P2f+U(9%-P"-!<I^-\F0-3 – 4  - 6.(B+f+U(9%-- 
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-`@FX#)
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Dc!"-]+U(9% -!d6^
-1'L%N
-H%KLA
a=+)-!2b 

1UOJ$%  ef[% 
(Y"+U$%) 

21wNA$1!0Q1'-!:#+B!:?5  
!"CN10M2]

3 !wN%@-!R9)
./�'+$1!j%p%3XG1 

!m%3XG1!wN%@-!AB*5!h
!!"CN1P!2*35]

3!w*@-!:-!
.~B*+$1!j%7#y$1 

!DC*�$1!'�?$1!HT!m%3XG1
..�#X+9$ 
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ZA>30 

 
2]
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_3,e  

p3m1 
(p3m1) 

!21wNA$1!0Q1'-!:#+B!:?5!h
.m%3XGh1!wN%@-!R9) 
!m%3XG1!wN%@-!AB*5!h

."Ct*+) 
!/�'-!m%3XG1!wN%@-!AB*5

!!"CN1P!2*35]
3!w*@-!:-!

.~B*+$1!j%7#y$1 
!'#<?$1!'�?$1!HT!m%3XG1

..�#X+9$ 
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